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In the following H is an infinite dimensional complex separable Hilbert space. Ab-
breviations SOT and WOT stand for strong operator topology and weak operator
topology respectively.
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Let x,,y, be vectors in the closed unit ball of H, such that the sequence
{{(@n, yn) }n>1 converges to 1 as n tends to infinity. Show that lim,,_, ||z, —
ynll = 0. [10]
Let A be a unital commutative Banach algebra. For x € A, let o(z) denote
the spectrum of x. Show that if ¢ is a complex homomorphism on A, then
for any « € A, ¢(x) € o(x). Conversely if z € A, and A € o(z), then there

exists a complex homomorphism ¢ such that ¢(z) = o(x). [15]
Let A be a unital C*-algebra and let x € A be positive. Show that there
exists a state ¢ on A such that ¢(z) = ||z]|. [15]

Let A be the C*-algebra of continuous functions on {1,2,...,n} with dis-
crete topology. Show that ¢ : A — C, defined by
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is a state. Obtain the GNS triple associated with this state. [15]
Prove or disprove the following: (i) The map (4, B) — AB from B(H) x
B(H), to B(H) is continuous in WOT. (ii) The map A — A* is continuous
with WOT in B(#). (iii) The map A — A* is continuous with SOT in

B(H). [15]
Let C=H @ H. Let A: K — K, be the operator A(z @ y) = y @ 0. Obtain
the polar decomposition of A. [15]

Let A be a positive operator on a separable Hilbert space H, satisfying,
0 < A <. Let E be the spectral measure associated with A and let P be
the projection E([0, 3]). Obtain the spectral measure of A+ P. Show that
A+ P is a positive operator satisfying 7 < (A+ P) < 3. [20]



